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TO COMPUTE ORIENTATIONS OF MORSE FLOW TREES IN
LEGENDRIAN CONTACT HOMOLOGY
CECILIA KARLSSON
Abstract. Let Λ be a Legendrian submanifold of the 1-jet space of a smooth man-
ifold. Associated to Λ there is a Legendrian invariant called Legendrian contact
homology, which is defined by counting rigid pseudo-holomorphic disks of Λ. More-
over, there exists a bijective correspondence between rigid pseudo-holomorphic disks
and rigid Morse flow trees of Λ, which allows us to compute the Legendrian contact
homology of Λ via Morse theory.
If Λ is spin, then the moduli space of the rigid disks can be given a coherent orien-
tation, so that the Legendrian contact homology of Λ can be defined with coefficients
in Z. In this paper we give an explicit algorithm for computing the corresponding
orientation of the moduli space of rigid Morse flow trees, using the Morse theoretical
framework.
1. Introduction
Let M be a smooth manifold of dimension n, and let J1(M) = T ∗M × R denote
its 1-jet space, with local coordinates (x1, . . . , xn, y1, . . . , yn, z). This space can be
given the structure of a contact manifold, with contact distribution ξ = Ker(dz −∑
i yidxi). A submanifold Λ ⊂ J1(M) is called Legendrian if it is n-dimensional and
everywhere tangent to ξ, and a Legendrian isotopy is a smooth 1-parameter family of
Legendrian submanifolds. The problem of classifying all Legendrian submanifolds of a
contact manifold, up to Legendrian isotopy, is a central problem in contact geometry.
This motivates finding Legendrian invariants, that is, invariants that are preserved
under Legendrian isotopies. One such invariant is Legendrian contact homology, which
is a homology theory that fits into the package of Symplectic Field Theory (SFT),
introduced by Eliashberg, Givental and Hofer in the paper [EGH00].
More recently, it has been shown that Legendrian contact homology can be used
not only to study properties of Legendrian submanifolds, but also to compute sym-
plectic invariants of Weinstein manifolds obtained by surgery along Legendrians, see
e.g. [BEE11, BEE12]. It has also been shown, for example in [EL, CM], that this
can be generalized and used for computations in homological mirror symmetry. This
indicates the importance of being able to explicitly understand the Legendrian contact
homology complex with integer coefficients. This paper should be an important step
in that direction.
Legendrian contact homology was originally defined using pseudo-
holomorphic curve techniques, but by the results of Ekholm in [Ekh07], if the con-
tact manifold is a 1-jet space one can instead use techniques of finite dimensional
1
ar
X
iv
:1
70
4.
05
15
6v
1 
 [m
ath
.SG
]  
18
 A
pr
 20
17
2 CECILIA KARLSSON
Morse theory to compute the homology. We will use this latter setup to give an ex-
plicit algorithm to calculate the Legendrian contact homology for Λ ⊂ J1(M), with
coefficients in Z. This paper should be considered as a user’s guide, and we refer to
[Kar] for a complete exposition, both for definitions and for proofs.
Briefly, Legendrian contact homology is the homology of a differential graded algebra
(DGA) associated to Λ. One should note that Legendrian contact homology has not
been worked out in full detail for all contact manifolds, but in the special case when
the contact manifold is given by the 1-jet space J1(M) = T ∗M × R of a manifold M ,
then the analytical details were established in [EES07]. In the special case M = R, this
was also done by Eliashberg in [Eli98] and independently by Chekanov in [Che02]. In
the case of a 1-jet space, the DGA of Λ can be defined by considering the Lagrangian
projection ΠC : J1(M) → T ∗M . The generators of the algebra are then given by
the double points of ΠC(Λ), which correspond to Reeb chords of Λ. These are flow
segments of the Reeb vector field ∂z, having start and end point on Λ. The differential
∂ of the algebra counts certain rigid pseudo-holomorphic disks in T ∗M with boundary
on ΠC(Λ). With a clever choice of almost complex structure on T ∗M , one gets that
the homology of this complex is a Legendrian invariant.
If M = R, then the count of pseudo-holomorphic disks reduces to combinatorics,
as described by Chekanov in [Che02], but in higher dimensions the Cauchy-Riemann
equations give rise to non-linear partial differential equations, which are hard to solve.
To simplify a similar problem in Lagrangian Floer homology, Fukaya and Oh in [FO97]
introduced gradient flow trees, which are trees with edges along gradient flow lines in
M , and gave a one-to-one correspondence between rigid gradient flow trees and rigid
pseudo-holomorphic disks in T ∗M with boundary on the Lagrangians. In [Ekh07],
Ekholm generalized this method to also work in the Legendrian contact homology
setting.
In [EES05] it was proved that if Λ is spin, then there is a choice of coherent orientation
of the moduli space of rigid pseudo-holomorphic disks so that Legendrian contact
homology can be defined with coefficients in Z. This builds on the work of Fukaya,
Oh, Ohta and Ono in [FOOO09], where they describe a way to orient the determinant
line of the ∂¯-operator over the space of trivialized Lagrangian boundary conditions for
the unit disk in C. Since the differential in Legendrian contact homology counts rigid
pseudo-holomorphic disks, the orientation of the moduli space at a disk u corresponds
to a sign of u. That the orientation of the moduli space is coherent means that all
these signs cancels in ∂2, so that we get ∂2 = 0.
In the special case when Λ is the conormal lift of a knot K ⊂ R3, then it was
shown in [EENS13] that there is a coherent orientation scheme of the moduli space of
rigid Morse flow trees of Λ. Moreover, an explicit formula for computing the signs of
the trees was derived, and it was proved that this formula in fact coincides with Ng’s
combinatorially defined Knot contact homology from [Ng05a, Ng05b, Ng08]. All this
has been proved very useful for the aim to study the topology of the underlying knot.
In fact, generalizations of the Legendrian contact homology for the conormal lifts of
knots gives a complete knot invariant for the underlying smooth knot in R3, see [ENS].
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In the present paper we generalize the sign formula from [EENS13] to hold for trees
associated to a general spin Legendrian in a 1-jet space. It should be mentioned that
this sign depends on several choices, which we call initial orientation choices and which
we describe in Section 3.
We summarize the sign formula in the following theorem. The detailed proof that
this indeed gives a coherent orientation scheme is given in [Kar].
Theorem 1.1. Let Λ be a spin Legendrian submanifold of J1(M), and assume that
we have fixed all initial orientation choices. Let M be the moduli space of rigid Morse
flow trees of Λ. Then there is a coherent orientation scheme of M so that the sign
σ(Γ) of a tree Γ ∈M is given by
(1.1) σ(Γ) = νtriv(Γ) · νint(Γ) · νend(Γ) · νstab(Γ),
where νtriv(Γ) , νint(Γ), νend(Γ) and νstab(Γ) can be computed completely in terms of Γ
and are given in Definition 3.3, 4.4, 5.1 and 6.5, respectively.
Outline. To state the definitions that occur in Theorem 1.1 we first need to introduce
some more materials about flow trees, which will be done in Section 2. In Section
3 we give the formula for νtriv, which is a sign that depends on the trivialization of
the tangent bundle of ΠC(Λ) along the cotangent lift of Γ, and in particular on the
spin structure of Λ. In Section 4 we give the formula for νint, which is a geometric
intersection sign coming from intersections of flow manifolds in M , and in Section 5
we give the formula for the sign νend, which comes from the fact that we treat a special
type of vertices as marked points. We finish everything by Section 6 where we give
the formula for νstab, which is an analytic sign coming from stabilizations of certain
Fredholm operators.
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The paper was finished while the author was sponsored by the Geodycon project as
a postdoc at Nantes University. The author would like to thank Tobias Ekholm and
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2. Morse flow trees
In this section we give a brief introduction of Morse flow trees, following the lines of
[Ekh07]. We refer the reader to that paper for a more comprehensive description.
So let Λ ⊂ J1(M) be a spin Legendrian submanifold. We will assume that Λ is
front generic, meaning that the front projection Π : J1(M) → M restricted to Λ is
an immersion outside a co-dimension 1 submanifold Σ ⊂ Λ. The points in Σ we call
cusp points. If dim(Λ) 6= 2 we will also assume that Λ has simple front singularities,
meaning that the points in Σ are projected to standard cusp singularities under the
front projection. If dim(Λ) = 2 we also allow swallow-tail singularities. See [[Ekh07],
Section 2.2].
4 CECILIA KARLSSON
2.1. Flow lines and vertices. Locally, away from Σ, the Legendrian Λ can be de-
scribed as the multi-1-jet graph of locally defined functions f1, . . . , fl : M → R. Fix
a metric g on M . The Morse flow trees of Λ are defined using negative gradient flows
of such function differences. I.e. the edges of a flow tree will be solution curves of
−∇(fi − fj) in M , fi > fj, and these curves are patched together at 2- and 3-valent
vertices, where the local defining functions change. The tree is a directed rooted tree,
oriented away from the root, and the direction of the edges are given by the flow di-
rection of the defining vector fields. For example, at a 3-valent vertex we may have
an incoming flow line which solves −∇(fi − fk), and two outgoing flow-lines solving
−∇(fi − fj) and −∇(fj − fk), respectively. See Figure 1. Each edge of the tree has
two lifts to Λ, one for each of the sheets corresponding to the defining functions of the
edge. The Lagrangian projection of the lift of a rigid tree Γ, which we will call the
cotangent lift of Γ, is required to give a closed curve in ΠC(Λ).
The 1-valent vertices of a rigid flow tree are either critical points of the flow lines
ending at the vertex, and thus correspond to Reeb chords of Λ, or lift to Σ. The first
type of vertices are called 1-valent punctures, and the second type are called ends.
There are also 2-valent vertices that lift to Reeb chord end points, and they are called
2-valent punctures. The root of the tree is required to be a puncture, and is called a
positive puncture. All other punctures are called negative punctures.
The other kind of 2-valent vertices are switches, which are contained in Π(Σ). The
3-valent vertices are either Y0-vertices, given as in Figure 1, or Y1-vertices, which are
similar to the Y0-vertices but where the middle sheet is cusped and the vertex belongs
to Π(Σ). For a more detailed description of the vertices occurring in a rigid flow tree
we refer to [[DR11],Section 2.2] or [Kar].
R
f1
f2
f3
ΓM
Figure 1. The local picture of a Morse flow tree Γ in a neighborhood
of a Y0-vertex. The graphs of the defining functions f1, f2 and f3 are
sketched, together with the lift of the tree to the sheets of Λ determined
by these functions. The shaded area indicates the corresponding pseudo-
holomorphic disk.
2.2. Correspondence between disks and trees. By the results in [Ekh07], there
is a one-to-one correspondence between rigid flow trees and rigid pseudo-holomorphic
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disks defined by Λ. Briefly this works as follows. Consider the fiber scaling sλ :
(x, y, z) 7→ (x, λy, λz) which pushes Λ towards the zero section. Then there is a choice
of metric of M and almost complex structure J of T ∗M , so that after a perturbation of
Λ there is a one-to-one correspondence between rigid flow trees of Λ and sequences of J-
holomorphic disks uλ in T ∗M with boundary on ΠC(sλ(Λ)). The disks are characterized
by the property that their boundaries are arbitrarily close to the cotangent lift of the
corresponding tree Γ. Moreover, the linearized boundary conditions of the disks tend to
constant Rn-boundary conditions, except at cusp points, where we get a split boundary
condition which is constantly R in the first n − 1 directions, and given by a uniform
±pi-rotation in the last direction, where the sign depends on the type of vertex. In
addition, when we let λ → 0, then the domain of the disk will split up into a finite
union of strips and strips with one slit.
To that end, we associate a standard domain to Γ. This is a subset ∆m+1(τ¯) ⊂
R × [0,m] ⊂ R2, τ¯ = (τ1, . . . , τm−1), obtained by removing m − 1 horizontal slits
starting at (τj, j), j = 1, . . . ,m− 1, and ending at ∞. All slits look the same, they are
strips ending in a half-circle of width , 0 <  << 1. A point (τj, j) where a slit ends
is called a boundary minimum. See Figure 2.
p0
p1
p2
p3
p4
p5
(τ1, 1)
(τ2, 2)
(τ3, 3)
(τ4, 4)
Figure 2. A standard domain ∆m+1, m = 5.
The region at the negative infinity will correspond to the positive puncture of the
tree, and the regions at the positive infinity to the negative punctures and the ends.
The boundary minima will correspond to either 3-valent vertices or 2-valent punctures.
The boundary of the standard domain should be thought of as the lifted flow lines to
the cotangent lift of Γ.
2.3. Partial flow trees. We will often cut a given rigid flow tree into smaller pieces, to
obtain partial flow trees. These are similar to true flow trees, except that the cotangent
lift of the tree is not required to close up. The vertices which are created under the
cutting are called special punctures, and the other vertices we denote by true vertices.
If Γ is a rigid flow tree and Γ′ ⊂ Γ is a partial flow tree, then the edges of Γ′ inherit
the directions from the edges of Γ. In particular, each partial flow tree will be rooted
and oriented away from the root. If the root is a special puncture it is called a positive
special puncture. The special punctures that are not the root are called negative special
punctures. Note that when we cut a (partial) flow tree Γ into two partial flow trees
Γ′1, Γ′2, then one of the trees will have the cutting point as a special positive puncture,
and the other tree will have the cutting point as a special negative puncture. Again
we refer to [[Ekh07], Section 2.2].
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Definition 2.1. A partial flow tree which is obtained by cutting a rigid flow tree just
once is called a sub flow tree.
Each partial flow tree Γ′ has an associated standard domain, which is nothing but
the corresponding part of the standard domain associated to the rigid flow tree that
Γ′ is a part of.
2.4. Flow-outs and intersection manifolds. Another construction which will be
important for us is the notion of flow-out and intersection manifold, compare [[Ekh07],
Section 3.2]. These objects are defined as follows.
Definition 2.2. Let e be a flow line of a local function difference f1 − f2 and let
K ⊂M be a subset so that K ∩ e 6= ∅. Then the flow-out of K along e is the union of
all maximal flow lines of −∇(f1 − f2) that intersect K.
Definition 2.3. If p is a puncture of Γ with defining functions f1 > f2, then we let
W u(p) and W s(p) denote the unstable and stable manifold, respectively, of −∇(f1−f2).
Now assume that Γ′ ⊂ Γ is a sub flow tree of a rigid tree Γ. Assume that the special
puncture of Γ′ is given by q, and let e be the edge of Γ′ ending at q. Let p denote the
other vertex of e. We will define something called the flow-out of Γ′ at q, denoted by
Fq(Γ′). In the case when p is a 2- or 3-valent vertex, then this is the flow-out of the
corresponding intersection manifold Ip(Γ′) along e. All this is defined inductively in
Table 1 below, for each type of vertex p. In all cases we let Ds be a co-dimension 1
disk centered at s, s = p, q, and transverse to e.
3. The sign νtriv
The sign νtriv depends on the spin structure of Λ. Briefly, this has the following
reason. To give a coherent orientation of the determinant line of the ∂¯-problem corre-
sponding to a rigid flow tree Γ, we need to choose a well-defined trivialization of TΛ
along the lift of Γ, up to homotopy. And this can be done by using the spin structure,
as we will explain in this section.
3.1. Initial choices. To start with we need to discuss the initial orientation choices.
These are the following:
• choice of spin structure on Λ;
• choice of orientation of the base manifold M ;
• choice of orientations of the unstable manifolds associated to the punctures of
Γ;
• choice of orientation of C.
That the orientation of C affects the sign of Γ comes from the fact that the underlying
theory uses determinant line bundles associated to complex ∂¯-operators, which are
given orientations induced by the orientation of C. See [FOOO09] and [EES05]. The
choice of orientations of the unstable manifolds will be visible first in Section 4.
Remark 3.1. The choice of orientation of M is in fact only a local choice. If we keep
track of the local choices we can define the orientation algorithm also in the case when
M is non-orientable.
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Table 1. Definition of flow-outs and intersection manifolds.
Type Description of Fq(Γ′) and Ip(Γ′).
p positive
1-valent
puncture
then Fq(Γ′) is the flow-out of p along e. I.e. TqFq(Γ′) '
TqW
u(p).
p
negative
1-valent
puncture
then Fq(Γ′) is the flow-out of p along e. I.e. TqFq(Γ′) '
TqW
s(p).
p an end then Fq(Γ′) is the flow-out of Dp along e.
p a
switch
then Fq(Γ′) is the flow-out of Fp(Γ′1) ∩ Π(Σ) ∩Dp along
e, where Γ′1 is the sub flow tree of Γ with p as a special
positive (negative) puncture if q is positive (negative).
p 2-valent
puncture
then Fq(Γ′) equals e. The intersection manifold Ip(Γ′)
equals p.
p is a
Y0-vertex,
q is
positive
then Ip(Γ′) = Fp(Γ′1)∩Fp(Γ′2), where Γ′i, i = 1, 2, are the
sub flow trees of Γ with p as a special positive puncture.
The flow-out Fq(Γ′) is given by the flow-out of Ip(Γ′)∩Dp
along e.
p is a
Y1-vertex,
q is
positive
then Ip(Γ′) = Fp(Γ′1)∩Fp(Γ′2)∩Π(Σ), where Γ′i, i = 1, 2,
are the sub flow trees of Γ with p as special positive
puncture. The flow-out Fq(Γ′) is given by the flow-out
of Ip(Γ′) ∩Dp along e.
3.2. Trivializations. By the constructions in [[Ekh07], Section 4.3], we may assume
that the metric of M is flat in a neighborhood of Γ, and that we can find a partition of Γ
into elementary regions and edge point regions. The elementary regions are character-
ized by the fact that the defining sheets of Λ may be assumed to be covariantly constant
along the cotangent lift of these parts of Γ, except the lifts to the cusp-sheets which
are covariantly constant in directions tangent to Σ, and make a uniform ±pi-rotation
in the perpendicular direction. The edge point regions are constructed to interpolate
between elementary regions. They contain no true vertices and shrink to points under
the degeneration process λ→ 0.
Now let s be the chosen spin structure of Λ. Consider the stabilized tangent bundle
of ΠC(Λ);
T Λ˜ := TΠC(Λ)⊕ R,
where we have added an auxiliary direction. Let Γ˜ be the cotangent lift of Γ, and
let Γ˜∗T Λ˜ ⊂ ∂∆(Γ) × Cn+1 denote the Lagrangian pullback bundle over ∂∆(Γ). We
will use s to define a Lagrangian trivialization of this bundle. First we define explicit
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trivializations along the parts of ∆(Γ) that correspond to elementary regions, and then
we use the edge point regions to glue together the trivializations as described by s.
To that end, if γ ⊂ ∆(Γ) is an arc corresponding to a (subset of an) elementary
region so that Λ is covariantly constant along γ, then we assign a sign σ(γ) to γ:
σ(γ) =
1, if TΠ : TpΛ→ TΠ(p)M is orientation-preserving for p ∈ γ−1, if TΠ : TpΛ→ TΠ(p)M is orientation-reversing for p ∈ γ.
We let Γ′ denote the elementary region under consideration, and we let (x1, ..., xn, xn+1)
be the standard coordinates of Rn+1 ⊂ Cn+1, where the last direction corresponds to
the auxiliary direction. Moreover, we may assume that the elementary regions contain
at most one true vertex, and we classify them from this data. The trivializations of
Γ˜∗T Λ˜ along the components of ∂∆(Γ) corresponding to elementary regions are then
given as follows.
1-valent punctures:
Choose an oriented trivialization (∂x1 , . . . , ∂xn) of TM along Γ′. Let γ1, γ2
denote the two cotangent lifts of Γ′, and think of them as subsets of ∂∆(Γ).
Lift the trivialization of TM |Γ′ to a trivialization of T Λ˜ along γ1 and γ2 as
follows:
(∂x1 , . . . , ∂xn , σ(γi) · ∂xn+1), i = 1, 2.
2-valent punctures:
The trivialization is given similar to the case of 1-valent punctures, where we
now have that the corresponding part of ∂∆(Γ) consists of 3 connected compo-
nents.
Y0-vertices:
The trivialization is given similar to the case of 2-valent punctures.
ends:
Let e denote the end vertex. We choose an oriented trivialization (∂x1 , . . . , ∂xn)
of TM along Γ′ so that TeΠ(Σ) = Span(∂x1 , . . . , ∂xn−1), and so that the local
functions that define Γ′ are covariantly constant in these directions. Let γ1 > γ2
denote the two Lagrangian lifts of Γ′, and identify them with the corresponding
parts of ∂∆(Γ). Let U(e) be a neighborhood of γ1 ∪ γ2 where the pi-rotation is
performed. We lift the trivialization of TM to T Λ˜, as follows:
• In γi \ U(e), i = 1, 2:
(∂x1 , . . . , ∂xn , σ(γi \ U(e)) · ∂xn+1)
• In U(e): Assume that the trivialization is chosen so that ∂xn points in
the outward normal direction of Π(Λe) at the end point e, where Λe is
the union of the two sheets of Λ containing e. See Figure 3. This means
that when passing through the end point, in the lifted trivialization the
∂xn-vector will perform a positive pi-rotation, and we will have a trivial-
ization of TΠC(Λ) given by (∂x1 , . . . , ∂xn) before the rotation and given by
(∂x1 , . . . , ∂xn−1 ,−∂xn) after the rotation. Assume that half of this rotation
is made along γ1, and that the other half is made along γ2. Just after the
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pi/2-rotation of ∂xn along γ2, we perform an pi-rotation in the plane spanned
by ∂xn and ∂xn+1 , taking −∂xn to ∂xn and ±∂xn+1 to ∓∂xn+1 , keeping the
other coordinates fixed.
Remark 3.2. Note that σ(γ1 \ U(e)) 6= σ(γ2 \ U(e)).
switches:
Let s be the switch-vertex. The trivialization along Γ is given similar to the
case of an end-vertex. That is, let γ1, γ2 ⊂ ∂∆(Γ) denote the arcs corresponding
to the cotangent lift of Γ′, and assume that γ1 is the one that passes through
ΠC(Σ). Let U(s) ⊂ ∂∆(Γ) be a subarc of γ1 where the−pi-rotation is performed.
Let γ11, γ12 ⊂ γ1 so that γ11∪U(s)∪γ12 = γ1 oriented. Choose an oriented triv-
ialization (∂x1 , . . . , ∂xn) of TM along Γ′ so that TsΠ(Σ) = Span(∂x1 , . . . , ∂xn−1),
and so that the local functions which define Γ′ are covariantly constant in these
directions. Assume that the trivialization is chosen so that ∂xn points in the
outward normal direction of Π(Λs) at s, where Λs is the union of the two sheets
of Λ containing s. See Figure 3. We then choose the following trivialization.
• Along γj: (∂x1 , . . . , ∂xn , σ(γj) · ∂xn+1), j = 11, 12, 2.
• In U(s): A uniform −pi-rotation in the ∂xn-coordinate, constantly
(∂x1 , . . . , ∂xn−1) ⊕ (σ(γ11) · ∂xn+1) in the other coordinates, followed by a
pi-rotation taking−∂xn to ∂xn and ±∂xn+1 to ∓∂xn+1 , keeping the other
coordinates fixed.
Y1-vertices:
The trivialization along Γ is given similar to the case of a switch-vertex.
Regions without true vertices:
The trivialization is given similar to the case of 1-valent punctures.
Now we use the edge point regions to glue together these trivializations in the way
that is prescribed by s. Here we interpret s as a Cˇech cocycle, and we extend it trivially
over the auxiliary R-direction. For a description of how the spin structure induces a
well-defined (up to homotopy) trivialization of the lift of Γ, see [[EES05], Section 4.4]
or [[Sch], Lemma 8.9]. In our case we just replace the boundary of the disk by the
cotangent lift of the tree. Denote this trivialization by Θs(Γ).
3.3. Definition of νtriv. Note that, if Γ′1 and Γ′2 are two elementary regions that are
connected by an edge point region Γe, then we could identify the trivializations of TM
along Γ′1 and Γ′2 via evaluation at TeM , where e ∈ Γ is the point that corresponds
to Γe in the limit λ = 0. We could then use this to define a trivialization of Γ˜∗T Λ˜,
just by defining this identification as transition maps at the two points of ∂∆(Γ) that
corresponds to the lift of e, for each edge point region of Γ. In this way we get a
trivialization Θ′(Γ) of Γ˜∗T Λ˜. This does not necessarily give the same trivialization as
Θs(Γ), but the difference can be measured by a sign, which will be nothing but νtriv.
This sign is computed as follows.
For each maximal connected component γ of ∆(Γ), let Θs(γ) denote the trivialization
of Γ∗TL˜ induced by Θs(Γ), and let Θ′(γ) denote our explicitly constructed trivialization
with transition maps given by evaluation in TeM (that is, Θ′(Γ)). By considering the
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concatenation Θs(γ)−1 ◦ Θ′(γ) we get a loop of trivializations associated to γ (recall
that we assume the trivializations to be equal at all infinities of ∆(Γ)), and hence an
element σ(γ) ∈ pi1(SO(n+ 1)).
Definition 3.3. Let
(3.1) νtriv(Γ) =
∏
γ
(−1)σ(γ)
where the product is taken over all maximal connected components of ∆(Γ).
For an alternative and more detailed description, see [[EES05], Section 4.4].
4. The sign νint
In this section we will define the sign νint(Γ). This is nothing but a geometric
intersection sign, coming from intersections of the flow-outs of the sub flow trees of Γ.
Indeed, from [[Ekh07], Proposition 3.14] it follows that the tangent space, in the space
of trees, of a sub flow tree Γ′ with special puncture q can be identified with TqFq(Γ′)
via evaluation at the puncture. In particular, the dimension of the space of sub flow
trees is never bigger than the dimension of M .
We use this observation to define orientations of the sub flow trees of Γ from Table
1, realized as orientations of TqFq(Γ′). This will be done inductively, over the number
of true vertices of the sub flow trees, by taking oriented intersections of the flow-outs
in M . In the end, we will be able to define an orientation of the tangent space of Γ,
and since this is 0-dimensional it is only a sign. This will be the sign νint(Γ).
4.1. Intersection orientation. To calculate the orientations of the intersection man-
ifold of Γ we will make use of the following orientation rule.
Assume that V1, V2 ⊂ Rn are subspaces so that the sequence
(4.1)
0 → V → V1 ⊕ V2 → Rn → 0
v 7→ (v, v)
(u,w) 7→ w − u,
is exact, where V = V1 ∩ V2. Assume that V1, V2 and Rn are oriented. Choose an
orientation Oc(V ) of V , and let V˜i ⊂ Vi, i = 1, 2, be oriented subspaces so that
(4.2) Vi = V ⊕ V˜i oriented, i = 1, 2.
Then there is a ν ∈ {0, 1} so that
(4.3) V ⊕ V˜1 ⊕ V˜2 = (−1)νRn oriented.
Definition 4.1. We define the intersection orientation Oint(V ) of V to be given by
Oint(V ) := Oint(V1, V2) = (−1)ν+dimV1·(1+dimV )Oc(V ).
In what follows, we will use the orientation of M to identify TqM ' Rn, oriented,
for any q ∈ Γ.
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4.2. Orientation of flow-outs and intersection manifolds. Now we define the
orientations of the sub flow trees of Γ, using the inductively construction of the flow-
outs from Table 1. We use the notation from there. The orientations O(Fq(Γ′)) and
O(Iq(Γ′)) of Fq(Γ′) and Iq(Γ′), respectively, will be given in terms of wedges of tangent
vectors of TqM .
First we letOcap(W u(p)) denote the initial choice of orientation ofW u(p), represented
by a wedge product of an oriented basis of TqW u(p), and let it induce an orientation
Ocap(TqW s(p)) on W s(p) by requiring that
max∧
TpM = Ocap(TpW u(p)) ∧ Ocap(TpW s(p))
is an oriented identification. Also, recall that Σ ⊂ Λ denotes the singular set under
the front projection Π : Λ → M and that v ∈ Π(Σ) whenever v is an end-, switch- or
Y1-vertex. At such points we may assume that TvΠ(Σ) is of codimension 1 in TvM and
we can locally consider Π(Σ) as the boundary of Π(Λv), where Λv is (one of) the sheets
of Λ containing the lift of v intersected with Σ. Give Π(Λv) the orientation from M ,
and define an orientation Ocap(TvΠ(Σ)) to be given by the orientation of Π(Σ) oriented
as the boundary of Π(Λv), oriented by outward normal last. See Figure 3.
Π−1(v)
x1
x2
Π(Λv)M
Λ
Figure 3. Local coordinates at a cusp. Here v represents a switch, end
or Y1-vertex, and Π(Λv) is given the orientation from ∂x1 .
Now let the flow-out orientation of the first four trees in Table 1 be given as follows:
p pos. 1-valent puncture: O(Fq(Γ′)) = Ocap(TqW u(p))
p neg. 1-valent puncture: O(Fq(Γ′)) = Ocap(TqW s(p))
p an end: O(Fq(Γ′)) = O(TqM)
p a switch: O(Fq(Γ′)) = Oint(O(Fp(Γ′1),Ocap(TpΠ(Σ)))
where we use parallel transport along e to identify tangent spaces.
For the other trees from Table 1, with positive special punctures, we let the orienta-
tion of the intersection manifolds be defined as follows.
p a negative 2-valent puncture:
O(Ip(Γ′)) = Oint(O(Fp(Γ′1)),Ocap(W u(p))),
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where Γ′1 is the sub flow tree of Γ having p as positive special puncture,
p a Y0-vertex, q is positive:
O(Ip(Γ′)) = Oint(O(Fp(Γ′1),O(Fp(Γ′2))),
p a Y1-vertex, q is positive:
O(Ip(Γ′)) = Oint (O(Fp(Γ′1)),Oint(O(Fp(Γ′2),Ocap(TpΠ(Σ))))
where in the two latter cases Γ′1 and Γ′2 are numbered so that the standard domain of
Γ′1 corresponds to the lower part of the standard domain of Γ′.
To define the flow-out orientation of the three last cases, let w be the tangent vector
of e at q pointing in the direction against the defining vector field, and define the
orientation of the flow-out along e as
O(Fq(Γ′)) = O(Ip(Γ′)) ∧ w.
Again we use parallel transport over the elementary regions to identify tangent spaces.
4.3. Definition of νint. To finally define νint(Γ) we need to handle two separate cases,
depending on the valence of the positive puncture of Γ.
First assume that Γ is a rigid Morse flow tree with a positive 1-valent puncture a.
We cut Γ into two sub flow trees, as follows.
• Let v denote the first vertex of Γ that we meet when going along Γ, starting at
the positive puncture a, satisfying that v is not a switch.
• Let p denote a point on the oriented edge of Γ starting at v, oriented against
the flow orientation (so that it is oriented towards a) and so that p is contained
in the same elementary region as v.
• Let Γ′1 denote the sub flow tree of Γ having p as special positive puncture.
• Let Γ′2 = Γ \ Γ′1, so that the true vertices of Γ′2 are given by switches and the
positive puncture of Γ.
Now we get two different cases, depending on the number of true vertices of Γ′1. If Γ′1
has only one true vertex, p0 say, then assume that the flow direction of the edge of Γ′1
(connecting p to p0) is given by +∂x1 . Let ν1 be an integer so that the intersection
orientation of Tp0Fp0(Γ′1) ∩ Tp0Fp0(Γ′2) is given by
(4.4) Oint(O(Fp0(Γ′1)),O(Fp0(Γ′2))) = (−1)ν1∂x1 .
In the other case, when Γ′1 has more than one true puncture, recall that we have
inductively defined orientations of Fp(Γ′2) and Iv(Γ′1). Use flat coordinates along the
edge of Γ connecting v to p to identify TpIv(Γ′1) ' TvIv(Γ′1) and let ν1 be an integer so
that
(4.5)
max∧
TpM = (−1)ν1 · O(Iv(Γ′1)) ∧ O(Fp(Γ′2)).
Remark 4.2. Note that we are using the intersection manifold of Γ′1 in the second
case, instead of the flow-out.
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a ps
Γ′2
Σ
Γ′1 Γ
Gluev
a
p3 p1
p2
p5
p4
p1
p2
p3
p4
p5
Figure 4. The final gluing when the positive puncture a is 1-valent,
giving the rigid flow tree.
Next assume that the positive puncture a of the rigid tree Γ is 2-valent. Let p1, p2
be points on each of the edges of Γ that contain a, and assume that they belong to
the same elementary region as a. By cutting Γ at these points we get the following 3
partial flow trees.
• A partial flow tree Γa that contains the positive 2-valent puncture a, and has
p1 and p2 as negative special punctures, and no other vertices.
• Sub flow trees Γ′i with pi as a positive special puncture, i = 1, 2.
We use the following notation, see Figure 5.
• Let Γ′1 denote the sub flow tree that corresponds to the lower part of the stan-
dard domain of Γ.
• Let µ0 ∈ {0, 1} so that
Ocap(W s(a)) = (−1)µ0 .
• Let µi ∈ {0, 1} so that
O(TpiM) = (−1)µiO(Fpi(Γi)), i = 1, 2.
Finally let
(4.6) ν1 = µ0 + µ1 + µ2.
Remark 4.3. Notice that in this case we cannot have a switch adjacent to the positive
puncture.
Definition 4.4. The sign νint is given by
νint(Γ) = (−1)ν1 ,
where ν1 is given by
• (4.4) in the case when the standard domain of Γ has no slits,
• (4.5) when the standard domain of Γ has at least one slit and the positive punc-
ture of Γ is 1-valent,
• (4.6) in the case when the positive puncture of Γ is 2-valent.
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a aΓ′2
Γa
Γ′1 Γ
q6
q7
q5 q4
q3
q2
q1
a
q1
q2
q3
q4
q5
q6
q7
Figure 5. The final gluing when the positive puncture is 2-valent.
5. The sign νend
Now we discuss the sign νend, coming from regarding ends as marked points of the
standard domains.
Assume that Γ has l negative punctures q1, . . . , ql and k end-vertices e1, . . . , ek. Pick
indices k1 < . . . < kk, l1 < . . . < ll so that
{k1, . . . , kk, l1, . . . , ll} = {1, . . . , k + l}
and so that the ends and punctures of Γ are occurring along the boundary of ∆(Γ) in a
way so that pli = qi, i = 1, . . . , l, and pki = ei, i = 1, . . . , k, with notation as in Figure
2. Let m = k + l.
For m ≥ 2 we identify the ordered tuple (p1, . . . , pm) with the oriented standard
basis for Rm, so that we can use wedge products of the points when computing νend.
Definition 5.1. The sign νend is given as follows.
νend =

0, l · k = 0,
(−1)l1+1, l = 1, k 6= 0,
(−1)σp+l1+l2+1, l ≥ 2, k 6= 0,
where σp satisfies
(−1)σpp1 ∧ · · · ∧ pˆl1 ∧ · · · ∧ pˆl2 ∧ · · · ∧ pm = pl3 ∧ · · · ∧ pll ∧ pk1 ∧ · · · ∧ pkk .
Here vˆ indicates that the vector v is absent. See Figure 6.
6. The sign νstab
In this section we define the algebraic sign νstab, which comes from something called
capping orientations of the pseudo-holomorphic disks corresponding to the trees, and
from gluing of such disks. Again we refer to [Kar] for the underlying theory.
This sign will not be given explicitly, but stated as a function depending on the
vertices of Γ. In particular, each vertex of Γ will have a sign associated to it, and
the sum of all these signs gives νstab. To that end, let P−1 denote the set of negative
TO COMPUTE ORIENTATIONS OF MORSE FLOW TREES 15
q0
e1
q1
q2
e2
q3
Figure 6. In this example we have l1 = 2, l2 = 3, l3 = 5, k1 = 1,
k2 = 4. Thus νend = (−1)0+2+3+1 = 1, since e1 ∧ e2 ∧ q3 = q3 ∧ e1 ∧ e2.
1-valent punctures of Γ, P−2 the set of negative 2-valent punctures of Γ, Yi the set of
Yi-vertices of Γ, i = 0, 1, and let S denote the set of switch-vertices of Γ. The latter
set we divide into two subsets S− and S+, respectively, where S+ is the set of switches
that belong to the same component as the positive puncture in the division of Γ in
Section 4.3. We also let P− = P−1 ∪ P−2 .
Now, for each of these six sets we define a function
σU : U → Z, U = P−1 ,P−2 ,Y0,Y1,S+,S−.
These functions will in turn depend heavily on whether the Maslov indices µ of the
punctures of Γ are odd or even. The parity of the Maslov index of a Reeb chord can
be computed by fixing a path in Λ, connecting the upper point of the Reeb chord with
the lower point, and then counting the number of times the path intersects Σ (pick the
path so that all intersections are transverse). The Maslov index for a special puncture
is computed similarly.
Definition 6.1. Given a (special) puncture p, then we let |µ(p)| denote the parity of
the Maslov index of p.
Definition 6.2. If p is a Reeb chord of Λ, then we let I(p) denote the Morse index of
p, i.e.
I(p) = dimW u(p).
Definition 6.3. If Γ is a (partial) flow tree, then we let e(Γ) be the number of end
vertices of Γ.
We will also need to use data from the sub flow tree(s) that end(s) at p as in the
description in Table 1. In particular, if Γ′ is a (sub) flow tree we let bm(Γ′) denote the
number of boundary minima of the corresponding standard domain. For trees Γ′ with
bm(Γ′) > 0 we moreover let bmmin(Γ′) be the order of the boundary minimum of Γ′
with smallest τ -value. For example, if Γ′ is obtained from gluing two trees Γ′1 and Γ′2
at a Y0- or Y1-vertex, where the trees are ordered as explained in Section 4.2, then
bmmin(Γ′) = bm(Γ′1) + 1, bm(Γ′)− bmmin(Γ′) = bm(Γ′2).
If bm(Γ′) = 0 we let bmmin(Γ′) = 0.
Example 6.4. In Figure 4 we have bmmin(Γ) = 3, and in Figure 5 we have bmmin(Γ) =
5.
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We will also use a certain subspace of the tangent space of the flow-out of Γ′ at
the special puncture q, called the true kernel of Γ′, Kerq(Γ′). This space is related
to the kernel of the corresponding linearized ∂¯-operator. To define this space, we will
repeatedly use the trivialization from Section 3 and in particular parallel transport
along the elementary regions to identify tangent spaces of M along Γ. We will omit
the q in the notation of Kerq(Γ′) when there is no risk of confusion.
The space Ker(Γ′) is defined inductively as follows, with the set-up introduced in
Table 1. In particular, p denotes the true vertex of Γ′ connected to q via the edge e.
p pos. 1-valent puncture: Kerq(Γ′) = TqFq(Γ′)
p neg. 1-valent puncture: Kerq(Γ′) = TqFq(Γ′)
p an end: Kerq(Γ′) = TqFq(Γ′)
p a switch: Kerq(Γ′) = Kerp(Γ′1) ∩ TpΠ(Σ)
p neg. 2-valent puncture: Kerq(Γ′) = 0
p Y0-vertex, q is positive: Kerq(Γ′) = Kerp(Γ′1) ∩Kerp(Γ′2)
p Y1-vertex, q is positive: Kerq(Γ′) = Kerp(Γ′1) ∩Kerp(Γ′2) ∩ TpΠ(Σ)
where we in the 4 last cases use parallel transport to identify tangent spaces.
6.1. Definition of σP−1 . Let R denote the set of all Reeb chords of Λ. Then σP−1 is
given as a function
σP−1 : R → {0, 1}
p 7→ σP−1 (p) = σP−1 (|µ(p)|, I(p)).
That is, this function only depends on the Morse index and the parity of the Maslov
index of the chords.
6.2. Definition of σY0. Let p be a Y0-vertex and let Γ′1, Γ′2 be the sub flow trees of Γ
with positive special punctures at p. Here we are using the notation from Section 4,
and in particular the same ordering of the trees as in there. By cutting these trees a
bit earlier than p, we can as well assume that Γ′i has positive special puncture given
by pi 6= p, i = 1, 2. See Figure 7.
p
p1
p2
Γ′1
Γ′2
Figure 7. Gluing of two trees at a Y0-vertex.
We now give the formula for the sign σY0(p), which will depend on data from the in-
coming trees Γ′1, Γ′2, and also on the parity of the Maslov index of the special punctures
p1 and p2.
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That is, there is a function σ0 : Z2 × Z2 → {0, 1} so that we have
σY0(p) = σ0(|µ(p1)|, |µ(p2)|) + η + bmmin(Γ′1) + bmmin(Γ′2) + bm(Γ′1) + bm(Γ′2),
where
η = e(Γ′1) · [bm(Γ′2) + e(Γ′2) + 1] + [n+ dimFp(Γ′1)] · [bm(Γ′2) + |µ(p2)|+ 1]
+ bm(Γ′1) · [|µ(p2)|+ dimFp(Γ′2) + n+ 1] + dim Ker(Γ) + dim Ker(Γ′1)
+ n · dimFp(Γ′2) + dim Ker(Γ′2) + |µ(p1)| · [1 + |µ(p2)|+ bm(Γ′2)].
6.3. Definition of σY1. With completely the same notation as in the case of Y0-vertices
we define the sign σY1 as follows.
There is a function σ1 : Z2 × Z2 → {0, 1} so that we have
σY1(p) = σ1(|µ(p1)|, |µ(p2)|) + η + dimFp(Γ′1) + dimFp(Γ′2)
+ bmmin(Γ′1) + bmmin(Γ′2) + bm(Γ′1) + bm(Γ′2).
6.4. Definition of σP−2 . In the case when p is a negative 2-valent vertex we have one
sub flow tree Γ′1 which has p as a special positive puncture, and again we can cut
Γ′1 a bit earlier, at a special puncture p0, say. Assume that the negative punctures
and ends of Γ′1 are given by p1, . . . , pk, ordered as in Figure 2. Note that we get two
possible cases of ordering of the negative punctures and ends of Γ′, either (p, p1, . . . , pk)
or (p1, . . . , pk, p). In the first case we say that p is of type 1, and and in the second case
we say that p is of type 2. We let tp(p) ∈ {1, 2} indicate the type of p.
Just as in case for 1-valent negative punctures we have a function
σne,2 : P−2 → {0, 1},
p 7→ σne,2(p) = σne,2(|µ(p)|, |µ(p0)|, tp(p))
which in this case only depend on the parity of the Maslov index of p and p0, and the
type of p.
The sign σP−2 is defined as follows.
σP−2 (p) = bm(Γ
′
1) · [n+ |µ(p)|+ 1 + tp(p)] + n · [1 + tp(p) · (1 + |µ(p)|)]
+ [1 + tp(p)] · e(Γ′1) + dim Ker(Γ′1) + σne,2(p) + bmmin(Γ′1) + bm(Γ′1).
6.5. Definition of σS−. Similar to the case of negative 2-valent vertices we have one
sub flow tree Γ′1 which has p as a special positive puncture, and again we can cut Γ′1 a
bit earlier, at a special puncture p1. The sign of p depends only on the parity of the
Maslov index of p1 and data from the incoming tree, as follows.
First, we have a function
σswitch : S → {0, 1},
p 7→ σswitch(p) = σswitch(|µ(p1)|)
which in this case only depend on the parity of the Maslov index of p1.
The sign of the switch p is then defined as follows.
(6.1) σS−(p) = σswitch(p) + n+ 1 + dim Ker(Γ′1) + dim Ker(Γ) + dimFp(Γ′1).
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6.6. The sign of the positive puncture. We use the notation from Section 4. In
particular, the sign of the positive puncture a will depend on whether it is 1- or 2-valent.
Similar to the case of negative punctures there is a function
σpo,1 : R → {0, 1}
p 7→ σpo,1(p) = σpo,1(|µ(p)|, I(p)).
Also, for the 2-valent positive punctures we have a function
σpo,2 : P+2 → {0, 1},
p 7→ σpo,2(p) = σpo,2(|µ(p1)|, |µ(p2)|)
where p1, p2 are the special punctures as described in Section 4, and where P+2 is the
set of all possible positive 2-valent punctures of trees of Λ.
Let k denote the number of elements in S+, and note that k = 0 if a is 2-valent.
Then the sign σP+ of a is given by:
a is 1-valent, Γ′1 has only one true vertex:
σP+(a) = σpo,1(a) +
∑
s∈S+
σswitch(s) +
(k − 1)k
2 (n+ 1) + |µ(a)|
+ k · [n · dimW u(a) + dimW u(a) + n] + dimW u(a) · [n+ |µ(a)|]
a is 1-valent, Γ′1 has more than one true vertex:
σP+(a) = σpo,1(a) +
∑
s∈S+
σswitch(s) +
(k − 1)k
2 (n+ 1) + |µ(a)| · [bm(Γ
′
1) + 1]
+ k · [n · dimW u(a) + dimW u(a) + n+ dim Ker(Γ′1)]
+ dimW u(a) · [n+ |µ(a)|+ dim Ker(Γ′1) + bm(Γ′1)]
+ n · [bm(Γ′1) + dim Ker(Γ′1)] + bmmin(Γ) + 1
a is 2-valent:
σP+(a) = σpo,2(a) + |µ(p1)| · [bm(Γ′1) + bm(Γ′2) + |µ(a)|] + bm(Γ′1) · [n+ 1]
+ bm(Γ′2) · [n+ |µ(a)|+ dim Ker(Γ′1)] + bmmin(Γ′1) + bmmin(Γ′2)
+ n · [dim Ker(Γ′1) + dim Ker(Γ′2)] + bmmin(Γ2).
Here we recall the definition of σswitch(p) from Section 6.5, and notice that p1 from that
definition is the negative special puncture of the partial flow tree having p as the only
true puncture.
6.7. Definition of νstab. With the same notation as above we are now ready to give
the definition of νstab.
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Definition 6.5. Let Γ be a rigid flow tree with positive puncture a. Then the sign νstab
is given by
νstab(Γ) = σP+(a) +
∑
p∈P−1
σP−1 (p) +
∑
p∈P−2
σP−2 (p) +
∑
p∈S−
σS−(p)
+
∑
p∈Y0
σY0(p) +
∑
p∈Y1
σY1(p).
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